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Electron drift in specified fields has been examined in [1] and, as ap- 
plied to a magnetron, in [2-4]  with the averaging method.  In [1, 2], 
a first- and in [3,4] in a second-order approximation of the small  par- 
ameter v ~ ~ E/f~L was used. Here and below, g and H =- (c/~])f2 are 
the field strengths, L is the characteristic dimension of the field heter- 
ogeneity, r/ is the charge-mass ratio of an electron (7] > 0), and c is 
the velocity of light. An at tempt to construct similar approximations 
for a drifting electron beam with allowance for the space-charge field, 
within the framework of the averaging method,  involves considerable 
mathemat ica l  difficulties. This paper describes an attempt to solve 
the latter problem for a stationary monoenergetic beam that drifts 
under the influence of a plane electric field with potential r  
across a strong homogeneous magnetic  field H z =- H = const. Solutions 
are constructed by the method of successive approximations, in powers 
of the parameter s = h / L ,  where h is the Larmor electron radius for 
narrow beams with a width on the order of 2h. 

~1 .  S i n g l e - f l o w  b e a m ,  L e t  t h e  c u r v e  x = X c ( / )  , y = 

y c ( / ) - - - t h e  b e a m  a x i s - b e  s i t u a t e d  n e a r  t h e  c e n t r a l  t r a -  

j e c t o r y  o f  a p l a n e  b e a m .  T h e  s y s t e m  o f  o r t h o g o n a l  c o -  

o r d i n a t e s  s ,  l ,  i n  w h i c h  l = c o n s t  ( l e t  t h e  r i g h t  o r t h -  

o g o n a l  a x e s  s = 0) i s  a s s o c i a t e d  w i t h  t h e  b e a m  a n d  i s  

d e t e r m i n e d  b y  t h e  c u r v a t u r e  o f  t h e  a x i s  [5]~ 

x = x~ + sy'~ : y = ' y ~  - -  sx~'; x~' =. d x f f d l ;  

d x  ~ + d y e  = ds ~ + g d F  g ~ ( l - - k s ) ~ ;  

X ~ t~ k - -  yr - -  * Y e .  (1.1)  

1 .1  ~ In  t h e  c o o r d i n a t e s  s ,  l ,  t h e  e q u a t i o n s  o f  a 

n o n r e l a t i v i s t i c  m o n o e n e r g e t i c  b e a m  w i t h  s p a c e - c h a r g e  

d e n s i t y  p (x ,  y)  h a v e  t h e  f o r m  

.~ t Ov t Ov 
~,~v~ ~ , ~ r ?  = 2~1~; 0.~ ~,~ ~ = fa V g ;  

0 -- 0q~ 0 t 0q~ 
- -  g g - E  + = a,,~, V 7  as e*~ Ol 1 / }  Ot 

o - 0 
~ ;  V g p v ~  + -3-( pv~ = 0 ; 

g = _ ( t - - ~ , k s ) ~ ;  fa - - ~  H .  (1 .2)  
C 

I n  E q s .  (1 .2)  w e  p l a c e  t h e  s m a l l  p a r a m e t e r  e .  a t  

t h o s e  p l a c e s  w h e r e  e = h / L  a p p e a r s  a s  a r e s u l t  o f  

c o n v e r s i o n  t o  t h e  d i m e n s i o n l e s s  v a l u e s  

Ys Vl . e Q h  ' " - ~ '  U - -  flop s 
" ~--~s"f i~. ,  q ~ - ~ ;  

l 4n~l 
L ~ - L -  ; n - - ~ p  ~ - - - k L .  (1.3)  

W e  s h o u l d  a d d  t o  E q s .  (1 .2)  t h e  o b v i o u s  c o n d i t i o n  o f  

c o n s t a n c y  o f  t h e  t o t a l  c u r r e n t  J c  o f  a f r e e  b e a m ,  

s+  
ds ~h~ (1.4) pvt ~ = J~ - -  ~ i e  = e o n s t .  

1.2 ~ The solution of system (1.2), for a narrow beam q ~ 1 of 
small  cUrvature x << 1, can be sought as a series in powers of s .  After 
simple computations with accuracy to s s, we obtain the following 

(dimensionless) result: 

n = i + 2  e• ( q + y ) +  

+ # [• (5q2 + 8?q -1- 2y 2) - -  2qy  + 27 '2] ; 

U = (q + 7) 3 + e~ (qS _[_ 37qZ + 2?Sq) .+ 

+a2 (5/4• + 4 • @ 3• - -  

_ qS(q @ 7)?" + qSy's); y' _= dy/dL; 
q 

6ax~l f dg i ~ - ~ g  d = nVl g - -  
q-  

~--- [Tq + 1/sqS + e• (5/sq2 + 5/2"rq" @ 2T~ 

+ e~• 2 (l~/sqa -{- ~T/a'iqa -}- 6~;Sq " + 

+ 2"rSq) + s" ('r'Sq 2 + 27""Tq - -  5/6T"qZ - -  TT"q~) Iq_ ~ ; 

v s t Oi v~ 
Vs ~" ~ - h  - -  - -  gn O~ - -  - -  T'q -l- " " " ; Vl =- ~ " (1.5) 

Here, 7(k)--an arbitrary function--is related to the beam boundaries 
by condition ( l .4) .  If we take as the axis the central trajectory q ~ = 
= - q .  -- b, condition 41.4), in view of (1.5), takes the form 

7b + an (s/8 b 8 + 27Sb) + esx s (lr/s 7b a + 27ab) + 

-p e7 (27 "~ 7b - -  5/6 ?"b s) = 1/s i e -~ const. (1.6) 

Results (1.5) overlaps in many ways with the results of [6] and, 
generally speaking, could have been obtained by expansion of the 
solution in powers of s, which was examined in [6]. However, the 
remaining results of this paper require a more general approach. If 
we represent the external harmonic field ~a+ near the beam as 

~2s~ = V•  (l) + qB+. (l) + -~ xq~B+ + 

8S g s 

+ --6- (2z2B- + - -  B•  qS _ -~- V+q2, 

in view of (1.5), when the axis % = ~ '  is centrally positioned, it is 
easy to obtain the relations 

2V~z+2B+_b--(y~___b)  2 +  s~(B•  2 ~ b  s - 3 v b  2-T-2Y sb) + 

+ a 2• ( -T  ~/'a B @ b 6 - -  5/4b~ :~ 47b s - -  3ySb 2) - -  

- - a  s ( V " + q ~ J x l / s  B " •  bS@y'~b s -  7"?b~T-y"b~) ,  (1.7) 

B+ = (7 ++_ b) - -  ~• ( +  B • - -  3/~b2 ~ 37b _ y2) _ 

e2• 2 (B • b 2 "T- 5/2b3 - -  67 b~ -T 372b) + 

+ e s ( 1 / ~ b 2 B " : t : ~ V ~ b + _ y ' 2 b - - 3 / 2 Y " b 2 - ~ Y " Y b ) ,  (1.8) 

which result in the expression for the field ~o• in the inverse problem, 
when the axis is given. If, for example,  we consider a beam in a 
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narrow channel with specified wall potentials (direct problem), then 
(1.7) leads to a first-order differential equation (in zeroth approxima- 
tion) for the axis. 

1.3 ~ . If  e x p a n s i o n  of the  m e t r i c  func t ion  g in  e ,  is 
abandoned ,  the  s o l u t i o n  of  (1.2) can  be  sough t  as  s e r i e s  
in p o w e r s  of e2,. With  a c c u r a c y  to e 4, i t  f o l l o w s  f r o m  
(1.2) tha t  

8 
t p. 0 

2qq~ = e,~v~o ~ + ~ v~; vz = ~ - ( r  - - g )  + e ,  ~ o~-~D v~ods ; 
0 

g 

fl 0 I dg __ t 0 Jo" v ~ 0 = - K ~ p 0  0~ p 0 ( r - - ~ )  ~ - g ~ p 0  0~ , 
1 

4 g p = 4 k  ~ - ~ g  ~ + ~  Ol t irg oz 7~ ; g = ( l - k s ) %  (1.9) 

H e r e ,  F is an  a r b i t r a r y  f u n c t i o n  of l ;  the  b e a m  
a x i s  was  t aken  fo r  c o n v e n i e n c e  a t  the  l o w e r  b o u n d a r y  
s_ = 0 ( see  F ig .  1), the  d e r i v a t i v e s  wi th  r e s p e c t  to l 

a r e  t a k e n  a t  f ixed  s ;  the z e r o  s u b s c r i p t  i n d i c a t e s  z e r o t h  
a p p r o x i m a t i o n  in e 2 ; 

2q% = ~ ( r  - -  g)~; 

8hi I F~ 
fg. po = 1 + ' ~ ' -  ; 

0q)o ~2 ( l -  F2 
n~-~ = ~ -~-); 

V~0 = ~-~- (P --  g); 

g32ml 
k~- 

o -ggl- = - ~  + 

r~ l a g  r i r-~ i 
+ 2g - ~ -  r g P 2 @ In y-  + r �9 (1.10) 

As one would  e x p e c t ,  e x p r e s s i o n s  (1.10) c o i n c i d e  
wi th  t he  e x a c t  s o l u t i o n  f o r  a c y l i n d r i c a l  o n e - d i m e n -  
s iona l  (r) b e a m  if  F = c o n s t ,  k = cons t ,  and g = r 2. 

Thus ,  the  old f o r m u l a s  h a v e  new c o n t e n t s  h e r e :  F and  
k can  be  any f u n c t i o n s  of I and a r e  r e l a t e d  to the  b e a m  

c u r r e n t  J c  = c o n s t  and wid th  s+ = a(l)  by a c o n d i t i o n  
tha t  f o l l ows  f r o m  (1.4) and (1.10): 

k ,  2 = r [ - - z + l / 2  z ~-}- ln  z ~ l / z - -  

__ 1 /r  - -  112 Y ~ - -  In  P + r l  ; 

k .  ~ k(32r~llJcyh FJA ~-V, ; z --= F (l - -  ka) -2. (1.11) 

ii77i77777i'iiii 
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The e x t e r n a l  f i e l d  e ~  n e a r  the  b e a m  can,  u s i n g  the  
L a p l a c e  equa t ion ,  be  r e p r e s e n t e d  with  a c c u r a c y  to e2 

a s  

(p+ = ~J_+ (l) - -  B_+ (l) Ing. (1.12) 

The cond i t i ons  of f i e l d  con t inu i ty  g ive  at  the  l o w e r  
b o u n d a r y  s = 0 

8~lk~p_ = ~ ( C  - -  i) ~, 8~lk2B_ = ~2~(I'~--l). (1.13) 

H e n c e  f o l l o w s  the e q u a t i o n  f o r  the  l o w e r  b o u n d a r y  

8~lk2q~ = ~22[(1 + 8~1k~2 -2 A)V, - -  i ] .  (1.14) 

which  is  a c t u a l l y  the  e q u a t i o n  of the e l e c t r o n  t r a j e c -  
t o r y ,  w h e r e  ~0 = r  is the  p o t e n t i a l  and A -- k B  is the  
f i e l d - s t r e n g t h  c o m p o n e n t  tha t  i s  n o r m a l  to the  t r a -  
j e c t o r y .  At the  u p p e r  b o u n d a r y  we have  

B .  =_ (8~lk2/F~2)(B § - -  B_) = z - -  1/z - -  F + 1/F 

v .  =_ (8 ~k2/r~D(,p. - , _ )  = 

= z + l / z - F - t / P +  ( z - - l l z )  In  FIz. (1.15) 

F i g u r e s  1 - 3  show g r a p h s  of k.,  B. ,  and V,  a s  
f u n c t i o n s  of k a .  F r o m  t h e s e  g r a p h s ,  a l o n g  the  l o w e r  
b o u n d a r y  of the  b e a m ,  we can  d e t e r m i n e  the  f i e ld  n e a r  
the  b e a m  and the  p o s i t i o n  of the  e l e c t r o d e s  Se: (l) wi th  
p o t e n t i a l s  r177 

kS+ = t - -  exp [(~• - -  W• B+] 

t h e r e b y  s o l v i n g  the  i n v e r s e  p r o b l e m  f o r  a n a r r o w  band  

c o n t a i n i n g  a n a r r o w  b e a m .  
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1.4 ~ Extension of (1.2) to the relativistic case gives equations for 
a single-flow relativistic beam with velocity e(v/B): 

B~=ce"~-e=.vs~-'~- ~ , "-~-, Y =  c~ ~f}  pvl; (1.16) 

O - O B  0 e ,  ~- OB 4a~1 

c q ) ;  
(1.17) 

s 

_1 ~ v , =  - -  - -  -- �9 (1.18) 
8-- 

With accuracy to s ~, this system can be written as 

4~l A" B" B ~" 
k-,c~ p g = ~ - - t = - f f - ;  c~. - - I - I - A  ~,; 

vl dA 
A = ; A '  - -  =-- l n g .  ( I .  19)  

The solution follows: 

4n~ (kc)-~ pg = ~ ~ 2A~; 

$ - t - l n ] / g = t / ~ F ( a r c t g A ,  1 / '~- -1 /~) ,  (1.20) 

where F is an elliptic integral of the first kind; T and B > 1 are arbi- 
trary functions of l ,  which are related to the beam width 2a(S:~ = ~ a) 
and the current Jc by a condition that follows from (1.4), (1.16), and 
(1.17): 

A -  
4n~l A dA 
kc ~ J c =  ~ (~2_~_2AO.) ] / ' g  ] / ' ( ~ ' A ~ ) ( I @ A  2) ; 

A+ 

A+_ ~ A Is=+a . ( 1 . 2 1 )  

Integral (1.21) is not expressed in elementary functions. If we ex- 
pand g from (1.20) and (1.21) in powers of ~., with the same accuracy 
we obtain 

A = shQ+l /2e ,~tks  2chQ, B = c(ch Q + l / , e , ~ k # s h Q ) ;  

qc-2H = [x [(l + e, ks) chQ + 1/2 e,~t ks 2 shQ] -- e,k shQ ; 

2~lc-aJc =sh 7 sh ~ a + e . k  {~a ch 7 ch ~a-- 

- -  [t-[-U~(~a) 2] sh lza ch 7} Q - y + p , s ;  p,----k~ �9 

The magnetic field H inside the beam is inhomogeneous. ~atside 
of the beam, the field is homogeneous and H• = H(s = ~a). 

$2. D o u b l e - F l o w  B e a m .  L e t  u s  u s e  t he  f o l l o w i n g  

r e p r e s e n t a t i o n  of a t w o - v a l u e d  v e l o c i t y  v 0 ) ,  v(z) a n d  

d e n s i t y  f i e l d  P 0 ) '  P(2): 

v(~) = P @ VW; v(2) ~= F - -  VW; 

2po ~ ~ p - { - 5 ;  2p(2)~= p - - 6 .  (2.1) 

In t h i s  r e p r e s e n t a t i o n ,  t h e  e l e c t r o n  h y d r o d y n a m i c  

e q u a t i o n s  f o r  a n o n r e l a t i v i s t i e  s t a t i o n a r y  m o n o e n e r -  

g e t i e  b e a m  w i t h  a n  i r r o t a t i o n a l  f i e l d  of g e n e r a l i z e d  

m o m e n t u m  h a v e  the  f o r m  

Vwr = 0 ~  (Vw) 2 --  2~1(I); 2~1(I) ~ 2q~p --  r2 ;  (2.2) 

v(pr) + V(Svu~) = o; v(ar) + v(,ov@ = o; (2.3) 

V aq~ = 4a~,o; OF~/Ox - -  OF,jOy - -  ~q; ~q ~ ~l/C H .  (2.4) 

By a d d i n g  a n d  s u b t r a c t i n g  E q s .  (2.2) a n d  (2.3),  i t  i s  
e a s y  to  s e e ,  in  v i e w  of (2.1),  t h a t  (2.2)  a r e  e q u i v a l e n t  

to  t h e  e n e r g y  i n t e g r a l s  a n d  (2.3) a r e  e q u i v a l e n t  to  t h e  

c o n t i n u i t y  e q u a t i o n s  f o r  t h e  f i r s t  v(1), P0)  a n d  s e c o n d  

v g ) ,  P(2) s u b f l o w s  t h a t  f o r m  t h e  b e a m  in  q u e s t i o n .  We 
i s o l a t e  t h e  c u r r e n t s  

J = pP + 5Vw, J_+ = ~ 1/2 (6F @ pVw),  

w h e r e  J i s  t he  c u r r e n t  d e n s i t y  of the  b e a m  a n d  J•  i s  

t he  d e n s i t y  of  t he  s o - c a l l e d  r o t a r y  c u r r e n t .  I t  i s  a p -  

p a r e n t  f r o m  E q s .  (2.2) t h a t  v e l o c i t y  Ave ( o s c i l l a t o r y ) ,  
b y  w h i c h  t h e  s u b f l o w s  a r e  d i s t i n g u i s h e d ,  i s  o r t h o g o n a l  

to  t h e  t o t a l  ( d o w n w a s h )  v e l o c i t y  F f o r  b e t h  s u b f l o w s  

a n d  v a n i s h e s  (Vw = 0) a t  t h e  s u r f a c e s  �9 = 0. The  s u r -  

f a c e  �9 = 0, a s  the  b o u n d a r y  of a t w o - v e l o c i t y  m o t i o n ,  
i s  t he  b o u n d a r y  of t h e  b e a m  in  q u e s t i o n ,  * a n d  we m a y  
w r i t e  t h e  c o n d i t i o n s  

(a) w tr = eonst and  (13) JV~lq,= o = 0,  (2.5) 

w h e r e  (a) i s  e q u i v a l e n t  to  Vw = �9 = 0 and  (b) a s s e r t s  

Chat t h e  b e a m  c u r r e n t  d o e s  no t  i n t e r s e c t  the  b e a m  

b o u n d a r i e s * *  in t he  a b s e n c e  of s o u r c e s  a t  ehe b o u n d a r i e s .  
C o n d i t i o n s  (2.5) a r e  n e c e s s a r y  f o r  t he  m e t h o d  of s u c -  
c e s s i v e  a p p r o x i m a t i o n s .  

2 .1  ~ Le t ,  in  c o o r d i n a t e s  s ,  l (wh ich  a r e  a s s o c i a t e d  
w i t h  t he  b e a m ) ,  t he  a x i s  s - 0 b e  s i t u a t e d  n e a r  t he  

c e n t e r  of the  b e a m ;  s+(/)  > 0 and  s_( / )  < 0 e x p l i c i t l y  e x -  
p r e s s  t he  u n k n o w n  b e a m  b o u n d a r i e s  ~ = 00" T a k i n g  (1.1) 

i n to  a c c o u n t ,  E q s .  (2 .2)-(2~ a r e  w r i t t e n  i n  c o o r d i n a t e s  

*A case in which several surfaces 4~ = 0 are formed 

in the beam is possible. For simplicity, we consider 

the case of one wave �9 -> 0 within the beam. 

**The latter is valid, generally speaking, if (V4~)2 

4~ =0. In the opposite case (V~) 2 = ~ =0,whichis 

possible with a full space charge, the current can inter- 
sect the boundary 4) = 0. 
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S, ~, a s  

Ow p t Ow 

[ \ O w  ~ + e,"- ( o ~ e  = 2~lff), ( 2 . 6 )  

2 ~ - - -  l / g r ?  " 2~1(I) = 2 ~ 1 ~ o -  e~  F= 

OrdOs  -- e , 2 O r d O l  = Q V-g ; (2,7) 

0 i ' Ou,] ds Ol ,~ (OPt - i -  %25 0l ) - - ~  § Z (1), (2.8) 

o r ,  t d= , =--~:Ti  (SFt + p  I ( I )  (2.9) e~ 2 Ol ] ~ -~ ' 
s - -  

N-= l Z g 2 F + %  ~ oz ( ~  o~ 

g ~ ( l - - e , k s )  2, Fs~F~yc  - - r ~ x ~ ,  

- -  t t F~ ~ V-g (rx% § r:,yr ). (2.10) 

H e r e ,  F s and  F l a r e  e o v a r i a n t  c o m p o n e n t s  of the  
v e c t o r  r in  the  s, I s y s t e m .  In the  c o n t i n u i t y  e q u a -  
t i ons ,  i n t e g r a t i o n  i s  wi th  r e s p e c t  to s,  so tha t  I and  
E a r e  a r b i t r a r y  f u n c t i o n s  of l. In (2 .6 ) - (2 .10) ,  the  
p a r a m e t e r  e ,  i s  p l a c e d  w h e r e  e = h / L  a p p e a r s  a s  a 
r e s u l t  of c o n v e r s i o n  to d i m e n s i o n l e s s  v a l u e s  (1.3) and  

w r s I' z . ~ - -  . 

0w i . ow t (2.11) 
u ~  0s ~h ' u ~ - 5 7 - - ~ "  

C o n d i t i o n s  (2.5) c an  be  w r i t t e n  in  the s, l s y s t e m  as  

r  q ) ( s = s ) = 0 ;  w(s=s,)=O; 

w(s  = s . )  = ~/2g~2h ~, (2.12) 

and 

I( 0.  pF, § 6-N-s ~ + 

O,v ~ 069 (2o13) 
+ ~ ( P r , +  ~* 2~ o~ ) ~ - ] ~ = ~ .  = o .  

In v iew of (2.8) and  the  i d e n t i t i e s  

+ -oY]~=~ + .  = 0 ,  (2.14) 

conditions follow from (2.13) that determine 2] and I: 

ow~ d= n~h'- (2.15) x = o; (~r~ + =,2~_~_~ ~ = 4 ~ ~ 4 ,  

w h e r e  ge is the  to ta l  b e a m  c u r r e n t .  
2.2 ~ With  a c c u r a c y  to e z, we can  r e w r i t e  (2 .6 ) -  

(2.10), (2.12), and  (2.15) in  d i m e n s i o n l e s s  v a r i a b l e s  

(1.3) and  (2.11) a s  

2 U  2 = us ~ + (7 §  + eu(272q+ 37q 2 + q ~ ) ;  (2.16) 

Vz = ? + q - - I / 2 e •  V~ = - -  (7 § q); (v ' /u , )  (2o17) 

v" ~ dv/dX ; 

--__ 4n~l n ( t - - s x q )  ~ �9 ~ =  �9 
- -  Us ' ~8  h 

0 OU a . 

~ - ( l - - e •  Oq - -  u , '  

q+ 

(2.18) 

us]q=L+ = 0; u f l q  = T ; 
q-  

q+ 

L ~ ~ )] ~ = io.  (2.19) 
q_ 

Here ,  T = T(/) and  ~ = c~(l). The s u b s t i t u t i o n  of 

v a r i a b l e s  

(q,)~) -+(%)~); (dq /d t )x  - -  us ,  

and T = q = 0 (2.20) 

r e d u c e  Eqs .  (2.16) and  (2.18) to one:  

d2q/dt  2 + q § 7 + e• + 3 7q + 3/2 q2) = d U / d q ; ,  

d U / d q  = a t  + 7 + e•  + Tq + ~(l) + 72) .  (2.21) 

The s o l u t i o n  of (2.21) can  ,be r e p r e s e n t e d  as  

q =  a t  + ~ s , - -  e• u, : a + ~c,  - -  e• 

z -= - -  ~(t - -  c.) + ~2(c. - t + 1/2 ,2) + 

+ 1/2 a ~ t ( s ,  - -  xc~) § '/2 ~2( l --c~) 2 + (2.22) 

H e r e  and  be low,  we sha l l  u s e  the  s y m b o l s  

s r  sin t ,  c~--  cos t ,  t~-~ tg ~, 

s'0 ~ sin 0, and co ~ cos 0. 

If the  ax ia l  l ine  is  m a d e  " s y m m e t r i c "  wi th  r e s p e c t  

t o  T ,  

q ( , =  ___0)= q~; 0 = 0 ( / )  ( - - 0 < T < 0 ) .  (2.23) 

The i m p o s i t i o n  of cond i t i ons  (2.20) g ives  for  a ,  B, T, 

~, and  0, in  the  z e r o t h  a p p r o x i m a t i o n ,  

q_+o=• ~oc0=--c%, b = ~ o 0 + ~ 0 s o  

in  f i r s t  a p p r o x i m a t i o n  

a =-- a o  + (1/2ez4)  ~ 1 ,  

=- ~o + (V2"• ~x , 

T ~ To § enT1 , 

~1 (20c0 + O/co - -  3so) = 

= (2/0) (--~A0 + 3s0 - -  20c~ + 

+ 3 A t e -  0 % +  3hOt02--Oleo) ,  

o~ = - -  ~tco + ( i lO) •  

• [2(t --co - -  0to)l, 
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07~ = - -  ~/~ (iJ(Zo) ~ (h  + v ,  

=_ ~o ~ [ - ~o-~(0  - s~) - 

- - V .  0 ~ - ~ 1 2  O + s o +  

+~/~ to + 1/e O2to - -  to~col, 

- - 3 t # o +  to/co) , (2 ~ 

and f o r  p o s i t i o n s  of the b o u n d a r i e s  

q+ =--. bo + e• + Ab), 

- - q _  - -  b o + en(Xl~ icb~ - -  hb) , 

b~ = a~O + ~s~ - -  

--(~/O) [ 2  (O - -  so) - -  to + 0], 

Ab = ~o ~ [g~Z-o ~ (t - - c o ) -  

- -  0 ~ + ~t~ + ~I~ Oto + t/co - -  

- -  lf~co-~ - -  co]" (2.26) 

F i g u r e s  4 and 5 g ive  g r a p h s  of the  c o e f f i c i e n t s  

(2 .24) - (2 .26)  as  f u n c t i o n s  of the  p a r a m e t e r  0, wh ich  
v a r i e s  in the  r a n g e  1/2 ~r ~ 0 -< 7r, s i n c e  by c o n v e n t i o n  

the b e a m  is  d e s c r i b e d  b y  one w a v e  ~.  
It  is  e a s y  to s e e  tha t  20/f2 is  the o s c i l l a t i o n  t i m e  of 

an  e l e c t r o n  b e t w e e n  the  b e a m  b o u n d a r i e s ,  so  tha t  7rf2/0 
is  the  a n g u l a r  o s c i l l a t i o n  f r e q u e n c y .  T h i s  v a l u e  v a r i e s  
f r o m  f2 ( ze ro  c h a r g e )  to 1 / 2  ~ (full s p a c e  c h a r g e ) .  The  
s p a c e  c h a r g e  c h a n g e s  the  e n e r g y  of t r a n s v e r s e  m o -  
t ion  (o~ 0 + ~?0)2~2h 2 and the  r a d i u s  of the  e l e c t r o n  o r b i t  

b0h. The  l a t t e r  va lue  v a r i e s  f r o m  h ( ze ro  c h a r g e )  to 
(Tr/~r6)h ~ 1 (3h ful l  c h a r g e ) .  The  s p a c e - c h a r g e  d e n -  

i.2 

0.8 

0.# 0.8 /.2 i]- 

a.~ a.e " ' 7 7 " - ' ~ - ~  

Fig. 4 

3 . 2 - -  

2.# 

t.5 

0.8 

/// - 

0 0.0 0.8 t. 2 9-" 

Fig. 5 

sity varies in inverse proportion to the fieid strength 

on the axis A c ~ T0 and drops as the strength of the 

external field near the beam increases. The appear- 

ance of singularities in u, 4, and Ab at 0 = 7r is due, 

generally speaking, to improper choice of the axis 

position.* In fact, the singularity in 71 and ~ near 0 = 

= 7r in the formulas for q, u s , etc., is smoothed by 

the factors with which 71 and ~ enter these formulas. 

The singularity of Ab, as can be seen from (2.26), 

c a u s e s  the  s e l e c t e d  ( s y m m e t r i c  r e l a t i v e  to r) ax i s  to 
d e v i a t e  r a p i d l y  f r o m  the  c e n t e r  of the  b e a m  when  0 - -  

lr. The  a p p l i c a b i l i t y  of f o r m u l a s  (2 .23) - (2 .26)  is  

t h e r e b y  l i m i t e d .  The  e a l c u l a t i o n s  f o r  a s y m m e t r i c  
p o s i t i o n  of  the  a x i s  q:~ = :~ b wi th  r e s p e c t  to s a r e  not 
c o m p l i c a t e d ,  bu t  the  r e s u l t i n g  f o r m u l a s  a r e  c o n s i d e r -  
ab ly  m o r e  c u m b e r s o m e  than  (2.25) and (2.26). 

J o i n i n g  the  i n t e r n a l  f i e l d  U to the  e x t e r n a l  V~:+B~:q+ 

. ~  in z e r o t h  a p p r o x i m a t i o n  g i v e s  

Bo• = 7 o  + ( % 0 ;  2V_+ = 7o 2 + bo 2 - T 2  z%0bo. (2.27) 

T h e s e  r e l a t i o n s  a r e  shown in F ig .  6 fo r  v a r i o u s  
b e a m  c u r r e n t s  i c .  F i g u r e  4 shows  g r a p h s  of the  d i -  
m e n s i o n l e s s  p o t e n t i a l s  U and i n t e r n a l - f i e l d  s t r e n g t h  
A a t  t he  b e a m  b o u n d a r i e s  (% - )  and a t  the c e n t e r  (e), 
i n  zeroth approximation. 

U_+ == (bo__+ 7o)2, A_+ = 70 ~ r 

Uo = 70 ~ + b0~; A~ = 70, (2,28) 

2.3 ~ The second approximation in~ is already a function of the 
gradients along the longitudinai coordinate I ~ kL. This approxima- 
tion has such terms as 

VsO ~ _ (qO _[_ 70) ut~ / usn ; 

u~0 = (%<0 -+ ;3o~o')'c + %~o'% + ~oao" (2s - "%) ; 

P = -  SVs~  ~-  

: - -  ((X0~0" ~-  ~0~0") [1/2~/0T2 ~- 1/3COT3 @ ~0 (Sc - -  ToT)l] @ 

*The s i n g u l a r i t y  of  cq and f i la t  the po in t  0 = rr/2 is 
not  s u b s t a n t i a l ,  s i n c e  ce 1 and ~1 p a r t i c i p a t e  in the  f o r -  
m u l a s  as  a s u m ,  which  s m o o t h s  th is  s i n g u l a r i t y .  
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+ %  (%~o + % _ ,%) + V~o (* --  % c..)l + 

+ ~o%" [To (2 -- 2% -- "c%) + 

+ % (3,% - -  3*c.  - -  "~%0 - -  %~o  ( % *  - -  3/~,%c~ - -  *,%~)1 

4aq a o i [ Oi \ dg 
~ o - - - ~ - ~ o = - V ~ O ~ - ~ l ~ ) ~  ; ,~'=- ~ .  

Here, as before, the zero subscript denotes zeroth approximation. 
If, for simplicity,  we take a beam without curvature (k = 0), for the 
second approximation we obtain 

O~-q/OX2 + y + q  + 82 [(OP/O~,)q @ 

+ (Y0 + q0) Vs ~ + V~ ~ OVs ~ / Oq] = OU/Oq ; 

OU/Oq = a"~ + 7 - -  e ~ [~n~dq 4-~ (02Uo/O~)aq - -  g (/)]; 

q o 
(9 UlO ~ OqO o 

3 . 
q -  

2.4 ~ . R e l a t i v i s t i c  e x t e n s i o n  of (2 .6) - (2 .10)  r e s u l t s  
on ly  in  a change  in  the e x p r e s s i o n s  for  r  H, and  f~: 

2,1(D ~ B 2 - e ~ F s  ~ - x / g F z ~ - c ~ ;  B ~ c + 01/c)(P; 

d g / d s  = (4g/cV-g) [0r, + ~,~ (dw/dl)];  

g~ ~ (~l/C) H .  (2~ 

I n s t e a d  of (2.10), we o b t a i n  Eq. (1.17) for  B. The r e -  
m a i n i n g  equa t i ons  and  c o n d i t i o n s  have the  s a m e  f o r m .  
In z e r o t h  a p p r o x i m a t i o n  we have  

1 O~B 1 O"Pt 4r~I : B ~ _ _  c~" 
B 0 7 - -  -~ Os ~" --  0 %  ; u~2 P~ ~ -  (2.30) 

Th i s  s y s t e m  was s t u d i e d  in [7], bu t  cond i t i ons  (2.12) 
and  (2.15) w e r e  not  i m p o s e d  t h e r e .  U s i n g  the  s y m b o l s  
of [7], they  can  be  w r i t t e n  a s  

s = -4- 2 [~3 ( % - -  ~Pl) -%F (% n) - -  

t/z~ 
- -  (~P3-- ~PA v'E (% n)l~,~ ; 

1 4 0  

2~3 n 2 %_~21E(q~, n) - - ~ - ] / t - - n 2 s i n  e q) • 

•  - 2 2%- - , 2+~h  ' 3 % _ r  E ( % n ) _ _  

. 8  - *~ n ) l  ' / ~  ~ 2 3(*a--**) F ( %  -J~ = ~ - f 2 , h  L,; 

= : csL," ; 

V ~ T +  d , i  (1 +r A 
+ 

Tm--  ~ arc cos ( ~ )  ; 

- - . 3 - . 1 '  L*z ~ ca 

Here ,  F and  E a r e  e l l i p t i c  i n t e g r a l s  of the f i r s t  
and  s e c o n d  k ind ;  ~2,, h, and  Jc  a r e  c o n s t a n t s ;  ~,,  s , ,  
% d,,  and  c ,  a r e f u n c t i o n s o f / ;  a n d r  < r < r a r e r ~ 1 7 6  
of the equa t i on  

~ p 3 + ~ - - ( l / s , ) ~ V ~ + c , = O ;  w h e r e  ~ h < 0 ;  

a _-- I / ( *  - -  *~) (*~ - -  *) (r - -  *)"  

The s o l u t i o n  is  r e p r e s e n t e d  a s  B = c~/1 + r c h V ;  
F l = c~/1 + r s h V .  

As e a r l i e r ,  the  g iven  z e r o t h  a p p r o x i m a t i o n  d i f f e r s  
f r o m  the  exac t  s o l u t i o n  of the  c o r r e s p o n d i n g  o n e - d i -  
m e n s i o n a l  p r o b l e m  in  tha t  s o m e  of the  c o n s t a n t s  in  
the  l a t t e r  a r e  i n t e r p r e t e d  a s  func t ions  of l, which  a r e  
r e l a t e d  by  e x p r e s s i o n s  tha t  fo l low f r o m  (2.12) and  
(2.15). 

~3. B e a m  i n  spec i f i ed  f i e ld .  Let  a b e a m  d r i f t  in  a 
g iven  f i e ld  wi th  a c h a r a c t e r i s t i c  i n h o m o g e n e i t y  d i -  
m e n s i o n  L, so tha t  n e a r  the  b e a m  ax i s  the f i e ld  can  be  
r e p r e s e n t e d  by  a s e r i e s  in  s .  

3.1 ~ F o r  a h a r m o n i c  f i e ld  we can  w r i t e  

(p = ~p + A s  + 1/2 e , k A s  ~ - -  I/2 e,~(Qs 3 + ~p"s~); 

Q ~ 1/3 ( A "  - -  2 k 2 A ) .  (3 .1 )  



w h e r e  r is  the p o t e n t i a l ,  A(/) is  the  n o r m a l  c o m -  

ponen t  of the  f i e l d  s t r e n g t h  o n t h e  a x i s ,  and ~' - de /d / .  
L i m i t i n g  the  a c c u r a c y  to a 3, i t  is not  d i f f i c u l t  to 
ob ta in ,  t a k i n g  c o n d i t i o n  (2.12) into a c c o u n t ,  the  f o l -  

l owing  s o l u t i o n  of E q s .  (2.6) and (2.7) fo r  a s y m m e t r i c  

p o s i t i o n  of the  ax i s  s• = •  

2rlq~ = u0~(t 4- e,F~ 4- e~F~); 

u~ = u0[t 4- ~/~ e , F  4- ~/~ e.~(F~ - -  ~/~ F~)]; 

u~ ~- Ow/Os, u~ =_ Ow/Ol; Uo =-- S2]/'a~-~--s--s2; 

QeF~ = k(sf] ~ 4- 3PQ - -  ~1 A); 

4k~sF~ + 3 k w h ;  (3.2) 

2~1~) = F 2 4- ~22a ~ 4- e,~k a2 (3Fff] - -  *1A) 4- 

e , ~ [ n , " a  ~ + '/~k~a ~ + 3(kar)~l; 

2* I A = f~P + e , k ( f ~ a  ~ + 2F 2) 4- 

s ,  ~ (qQa ~ 4- 4 k~a ~ f~F) ; (3.3) 

a~{~2 ~ + ~/~ e ,k(3F~ - -  ~IA) + 

~/~ 8,~[q* ' '  + 3/2 (kaQ) ~ + 3 k21 " ~ -  

--~/~k 2 (3 FQ - -  rlA)2]} = h~Q ~ . (3.4) 

R e l a t i o n s  (3.3) and (3.4) can  be  r e p r e s e n t e d  a s  

ao : h, Fof~ = qAo; 

2.1~Po = (q/~)~Ao ~ 4- ~ h ~ ;  (3.5) 

a~ = --U~koh (Pof~); ~ : (Poll]) ('qA~ - - k o  Po~); 

2r~g] = 2q A~ - -  ko(h 2 Oe + Foe); (3.6) 

a~ = - -  ~/~ h(koq A~ 4- k~ro~2 + 

~/~ *1%- __ ~/a k o W o  ~) f~-e ; 

2F~2 = 2~lAs - -  4qA~ko(Fo/f~ ~ 

k~(h%2 ~ + ro ~) + 4koWo~/~ - -  

- - h 2  .1 Qo - ko ~h~ F0 f t , . . . ;  

Ct ~ Ct 0 4- e , a  I 4-  e,2a2; 

F =-- Po + ~,P~ + e,~r2 . . . . .  (3.7) 

Tha  h a l f - w i d t h  of the b e a m  ( rad ius  of e l e c t r o n  o r -  
bit)  v a r i e s  in f i r s t  a p p r o x i m a t i o n  a s  the  c u r v a t u r e  of 
the  a x i s  and the  f i e l d  s t r e n g t h . *  But  the a x i s  m u s t  be  
found f r o m  the  e q u a t i o n  r k) = ~, so  tha t  At ,  A2, 
kl,  and k 2 a r e  c o r r e c t i o n s  to ko and Ao. 

The  l a t t e r  a r e  d e t e r m i n e d  by  the  p o s i t i o n  of the  
a x i s  y(x) in z e r o t h  a p p r o x i m a t i o n ,  

2qqo ---- (*1/f~)~A ~ + f~%~; 

A _~ [ % J y / d x  -- q%J [t -~- (dg/dx)2]-~/e. (3 o8) 

If we add the constant 2Zh~ to the potential O in the 

equation for the electron trajectory (1.14) and expand 

the right side in powers of e. ~ k, we obtain 

2q(p = f2% ~ + (~l/f~) ~ A ~ ( t - - 2~ .  k.19. -2 A + ...); 

~x ~ &p/dx .  (3.9) 

wh ich  c o i n c i d e s  in f i r s t  a p p r o x i m a t i o n  wi th  the  e q u a -  
t ion  f o r  the  b e a m  a x i s  wh ich  fo l l ows  f r o m  (3.5) and 
(3.6). With a c c u r a c y  to e 2, t h e r e f o r e ,  the  b e a m  a x i s  
c o i n c i d e s  wi th  a p r o p e r l y  p r o d u c e d  e l e c t r o n  t r a j e c -  

t o r y .  
F o r  the  v e l o c i t y  F l and d e n s i t y  E q s .  ( 2 . 7 ) - ( 2 . 9 )  

g ive  

r l  = f2s + 7- -1 /2  e,  ~ks~; F~ ~ e,  

5 = t ' / ~ ;  
( t  - -  e,ks)  pu~ = I + ~ / 2  e ,  2I''  (a ~ - -  sS).  ( 3 . J - 0 )  

In v i e w  of (3.2) and (3.10), cond i t i on  (2.15) y i e l d s  

~ I  {F~ 2 + U # ,  k(f~3a 2 - -  3F2f2 + ~AF) - -  

- -  e,2r[3/4 (kaY) 2 -Jr-~l~rl~" -~ 

+ t/4 a~(O/A) ~ ] }  + 1/4 8 ,  2 7f [ "  a 2 r  : Yc~'~ 3 . 

Hence ,  and f r o m  (3 .5) - (3 .7)  and (3.10), i t  f o l l ows ,  
wi th  a c c u r a c y  to a2,, tha t  

P = jeQ 1 + ~,k (~/2~ + qA9~-~)., 
z~rlA ]/fg- -- s~ 

a 
QJe 

i1 pds = ~ (1 4- e,kTIAf2-2) . 
- a  

(3AI) 

it is appreent that a drift due to centrifugal force 
with velocity ~ k(~A) 2 ~-3 is added to the main drift, 

which has velocity (~/D)A. The obtained velocity and 
density distributions are functions of the parameter ~?, 

which can vary over a finite range, according to the 

geometry of the emitter, so that the full beam has a 

multivalued velocity field and is represented as the 

aggregate of the double-flow beams considered above. 

The latter are conveniently called tubes of flow. A 

tube of flow is the set of trajectories on the interval 

dh. This set, generally speaking, does not completely 

fill the volume of the tube. The density p, therefore, 
can be interpreted as the density of the charge, which 

s p r e a d  f r o m  the  t r u e  t r a j e c t e~ - i e s  o v e r  the  p o s s i b l e  
a d j a c e n t  t r a j e c t o r i e s  in the  tube  to a con t inuous  d i s -  
t r i b u t i o n .  

3.2 ~ It is easy to show that in zeroth approximation, according 
to (3.8), the axis oscillates as a quasi-cycloid between the two dis- 
criminant curves 

2qq~ ~ ~Q%2 ; 

2qq0 = Q~h 2 -}- (rl/Q) e (@x -~- q)u 2) ; q~x = 0T / 0x (3.12) 

These curves, bounding, generally speaking, a very narrow band 
[4], intersect and branch at the singular point of the field ,o x = ~y = 
= 0, Therefore, the beam axis also undergoes branching at this point, 
i . e . ,  at the singular points r = qy = 0, the tubes of flow branch. 

*The o r b i t  expands  when  the c e n t r i f u g a l  f o r c e  and 
e l e c t r i c  f ie ld  ac t  on the e l e c t r o n  in one  d i r e c t i o n ;  
o t h e r w i s e ,  it c o n t r a c t s .  
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Moreover, as is easy to see from ( i .8) ,  the equation of the axis of a 
dense beam in zeroth approximation coincides in form with (8.8). 

Therefore,  splitting of a dense beam is possible at the singular point 

3.3 ~ For a weak field 

r = ~p ( l) + e.  sA ( l) -l- e,%e B ( I) -]- e.S c ( t) sa -f- ... (a.Xa) 

similar calculations give 

r ~ = f ~ s +  s ,  ( r  - -  ~/~ f~ ks ~ ) +  ~R;  

/r - -  - -  ~/2~ f~ k"  (a s -- s~) ~ ; 

u~ = u0 [t + z / ~  e.ks  + ~/2 ~,2 (F~ - -  z / ~  k%~) + 

+z/~ e , s  s (Y a -- ~/~ kF2 + ~/8 k~sa)]; 

F ~  ~ __2~lB -]- s/e k2~'~2 (a s @ .4) + 3k I'~ ; 

~'o ~f f2  g a s - s 2 ;  

F ~  2 -~ - -  2qc + ~/~k~f2 ~ (a 2 ~- s 2) ~- 4k~I'~ - -  2Rf2 (a 2 -- s ~) - t ;  

U I = - - 1 / 2  e , U  o (1/3 k '  (g2  __ 82) - ~  

4- t/~ e,[2~]B~-~ __ ~/2 kk'a~ - -  (z/~) (k r ) ' ] s  --~ 

+ ~/a e,  kk's (a s - -  2s~)} ; 

Fs = ~/~e. {t/~ k' (a ~ -  s e) [ f~s@ e ,  ( P q -  2 k Q ~ ) - t -  

+ z/~ e.  kk' Qs ~ (a ~ -  232)] + 

-I- x/2 e . ~  se [2~1B~-~ -- ~/a kk'a2 - -  (~/f~) (kr ' ) l} �9 (3.14) 

For the parameters of the tube of  f lown,  F, and q~ we obtain 

a ~ a o + e,~a2 ; F _---- P o + esF2; ~ = ~Po + e2~  ; (3.15) 

a o :  h ; F o ~  = r lAo- -3 /2  k o ~ h ~ ;  2 r l ~ o ~  ~)~h 2; 

a~ ~ z/~ ~lhQ-2 (2Bo __ 3koAo) ; 

2 q ~  = (tlAo/Q) s -+- z / ~  ~lh~ (koA ~ _ _  2Bo) ; 

2f~F2 = 2~lAa - -  k2f~h s @ 2~lCo h~ - -  2ko(rlAo/Q) "~ - -  

__ z/~ ko. q h 2 (koA ~ -I- 2Bo) �9 (3.16) 

For definiteness, let field ,~ be harmonic .  Then 

2B = kA - - ~ " ,  6 c :  2k~A - -  2k~2" - -  k ' ~ '  - -  A " ,  (3.17) 

From (2.8), (2.9), (3.14), and condition (2.15) we obtain, for the 
dens it y, 

Jc~Q 2 
~ = ~-~A~- (1 + ~,2/) ; 

A2 ~IAo _[_ @ (kos Ao" 
1 = -  ~o  + 2~o --N-- + -W-o) ; 

Je~q 1 T e." 
P = (t - -  s.ks) n~lA" ~ - ~  4- 

+ [(  Ao' ,? _ Ao"~ V ~ - 4  
L\Ao / ~ o o [  J 

(3.18) 

If it is assumed that ~ is a t ravel ing-wave field in a frame of 
reference that moves uniformly with the wave, then (3.14)-(3.18) are 
applicable to the problem that was solved in [8] by the averaging me-  
thod. From (;3.16) and (ao17) follows a result (for example,  for the 
axis position) that agrees in second approximation with the line of or- 
bit centers that  was obtained in [3], 

2~ltp = e. 2 01IQ) ~ (Vq~) s + ~)~h~. 

Similar calculations for a beam in a frame of reference that ro- 
tates uniformly with the wave give, for the axis position, formula 
(23) of [4]. 

Appendix. If, as is usually done [3,4],  it is assumed that (in a 
frame of reference which rotates with the rotating wave of the funda- 
mental  field harmonic for a generating magnetron at angular velocity 
c~ = const) the problem of calculation of an electron process in the 
magnetron may be formulated as a stationary problem, the described 
method may be used to calculate the electron "spokes" of the mag-  
netron. These spokes, as is generally recognized, are relatively nar- 
row beams that drift in the rotating system from the cathode (k) to the 
anode (a) (see Fig. 7). 
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The following preliminary est imate of the vol t -ampere  character- 
istic of a magnetron operating under full space-charge l imitation was 
verified. Only the considerations of dense-beam branching discussed 
in 3.2 ~ were used. 

Since the high-frequency field g decreases rapidly from the anode 
to the cathode [2-4] ,  the field in the near-cathode region (at the 
"hub ' ) ,  ignoring perturbation from the spokes whose charge from the 
cathode ~ 1 /E rapidly decreases can be roughly represented as the 
field of a one-dimensional  (r) cylindrical single-flow beam (hub). The 
density of this beam p, the space-charge field ~, and the azimuthal  
electron velocity v 0 in a rotating frame of reference have the form 

vo = x/2 f2u (r 2 - -  r~2); ~ _= (o/~; :4 ~ I - -  2[3. 

The singular point of the field is obviously found near the line r = 
= r  0 

(Olp/Or)r=r ~ = O, r o = rk~  J h  (A.1) 

A spoke with current 2[a /N branches off on this line from the near- 
cathode beam" 

r+  

I a h ,  f v~ "~. ~. -~. ,,. p ~ -  dr = 
ro 

- -  40~ 3[  \ z - - x - -  +~• - - l n % - + - 2 - -  ; 

(%1~; I . ~  ,ONh.o%.* (a.2) 
x ~ \ r+ / 16g~l 

Here, N / 2  is the number of spokes, I a the anode current, and h. 
the height of the working part of the cathode. A well-known relation 
in [8] links the upper effective boundary of the near-cathode beam r+ 
with the constant anode-cathode potential difference Ua: 

Ua l - - x  
t 0 ~  U , -  4x [ l - - x ~ - ( t @ x ) ( 2 " ~ a - ~ l n x ) ] ;  

ra 5~Q2rl'2 (A. 3) 
"Ca ~ lg-7~- ; V. ~ - - - - - ~  

In conjunction with (A.2), it gives the desired characteristic Ia(Ua). 
These relations are shown graphically in Fig. 7. The vol t -ampere 

characteristics of ten types of magnetrons described in [8] were cal- 
culated by (A.2) and (A.3). Comparison with the experimental char- 
acteristics in [8] showed agreement within 20-5%. For four types 
(4j50, aj31, 22-x, and 38-cavity) the voltage deviations were within 
10-5% In Fig. 8, the experimental  characteristics are shown by solid 
lines and the calculated by dashed lines. 

I thank k,  N. Ievlevu for assistance in the computationaI and 
graphical work, V. Ya. Kislov for a discussion of the results, and L. 
A. Valnshtein for suggesting the problem examined in w and for 
critical comments.  
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